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Abstract. Constraint programs containing a matrix of two (or more)
dimensions of decision variables often have row and column symmetries:
in any assignment to the variables the rows can be swapped and the
columns can be swapped without affecting whether or not the assignment
is a solution. This introduces an enormous amount of redundancy when
searching a space of partial assignments. It has been shown previously
that one can remove consistently some of these symmetries by extending
such a program with constraints that require the rows and columns to be
lexicographically ordered. This paper identifies and studies the properties
of a new additional constraint—the first row is less than or equal to all
permutations of all other rows—that can be added consistently to break
even more symmetries. Two alternative implementations of this stronger
symmetry-breaking method are investigated, one of which employs a
new algorithm that in time linear in the size of the matrix enforces the
constraint that the first row is less than or equal to all permutations of
all other rows. It is demonstrated experimentally that our method for
breaking more symmetries substantially reduces search effort.

1 Introduction

A common pattern arising in finite domain constraint programs is the matrix of
decision variables with two or more dimensions [6]. In two-dimensional matrices
it is often the case that some or all of the rows are interchangeable and some or
all of the columns are interchangeable. That is, an assignment to the variables
in the matrix is a solution if and only if it is still a solution after two of the
interchangeable rows are swapped or two of the interchangeable columns are
swapped. In a two dimensional matrix this is called row and column symmetry.
Since this property can also arise in each of many dimensions, more generally it
is called index symmetry. To simplify our presentation, we assume throughout
that we are dealing only with two dimensional matrices in which all rows are
interchangeable and all columns are interchangeable.

Symmetry in constraint programs can cause problems for an algorithm that
searches a space of partial assignments due to redundancy in the search space.
One of the most popular methods for reducing symmetry is to add to the model
extra constraints, so-called symmetry breaking constraints.
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Flener et al [5] studied index symmetry and showed that one can consistently
add the symmetry-breaking constraint, called lex2, that both the rows and the
columns are lexicographically ordered1. This means that for every assignment
to the variables that does not satisfy the symmetry-breaking constraint, there is
a symmetric assignment that does. They also showed that for certain problems
imposing lex2 can make the difference between solving and failing to solve the
problem. Frisch et al [7] introduced an efficient algorithm for maintaining gen-
eralised arc-consistency on the constraint that one vector (a row or column of a
matrix) is lexicographically less than or equal to another.

Independently, Flener et al [5] and Shlyakhter [14] also showed that lex2 does
not break all row and column symmetries. That is, lex2 is incomplete in that
it can be satisfied by two symmetrical assignments. Consider the following two
matrices. Both satisfy lex2, but the second can be obtained from the first by
swapping the rows and rotating the columns to the right.

(
2 2 3
2 3 1

) (
1 2 3
3 2 2

)

It is therefore natural to wonder if more symmetry can be broken effectively
by imposing a symmetry-breaking constraint stronger than lex2. That is, can
we add extra constraints to lex2 that both break a significant number of the
symmetries left by lex2 and can be propagated efficiently? This paper addresses
this question and answers it in the affirmative. In particular, we introduce a new
constraint, called allperm, that is satisfied by a matrix if and only if the first row
is lexicographically less than or equal to all permutations of all other rows. Only
the second matrix above satisfies both lex2 and allperm. Section 3 shows that one
can consistently impose both lex2 and allperm on a matrix that has symmetric
rows and symmetric columns. This is shown to break more symmetries than lex2

on its own but not to break all symmetries.
The allperm constraint can be decomposed into individual lexicographic or-

dering constraints by adding a constraint for each of the permutations of each
row, of which there are a number factorial in the length of the row. This is not
an effective way to break symmetry. Instead, we examine other decompositions,
leading in Section 6 to an algorithm which implements allperm in time linear
in the size of the matrix. This algorithm is then tested in Section 8, where it
is demonstrated that some problems can be solved much more effectively when
symmetries are broken by lex2 and allperm together than by lex2 on its own.

2 Terminology

We are concerned with finite domain constraint satisfaction problems so every
variable is associated with a finite domain of values. An assignment maps every
variable to a member of its domain. We write vars(C) to denote the variables
1 Though working in a different context, Shlyakhter [14] independently showed the

consistency.
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constrained by constraint C. We say that a constraint C is generalised arc con-
sistent (GAC), written GAC(C), if for every variable x ∈ vars(C) and every
value v in the domain of x, there is an assignment that maps x to v and satisfies
C. A finite set of constraints, {C1, . . . , Cn}, is said to be GAC if and only if
C1 ∧ · · · ∧ Cn is GAC.

A set of constraints S logically implies another set of constraints S′ if every
assignment that satisfies every member of S also satisfies every member of S′. If
S and S′ logically imply each other, then they are said to be logically equivalent.

An n×m matrix has n columns and m rows. The columns are numbered
1, . . . , n from left to right and the rows are numbered 1, . . . , m from top to
bottom. A row of an n×m matrix can be treated as a vector, x = 〈x1, . . . , xn〉, by
reading it left to right and a column can be treated as a vector, y = 〈y1, . . . , ym〉,
by reading it top to bottom.

This paper focuses on ordering non-empty vectors of equal size, so we shall
simplify the presentation by assuming this throughout the paper. One vector,
x, is defined to be lexicographically less than or equal to another, y, (written
x ≤lex y) if x = y or xi < yi, where i is the smallest index such that xi �= yi.

This paper introduces two new orderings on vectors. The first, the anti-
multiset ordering, has a definition that mirrors the multiset ordering definition.
We write �x|v to denote the number of occurrences of v in x. We define x to be
anti-multiset less than or equal to y, written x ≤m y, if x = y or �x|v > �y|v,
where v is the smallest value such that �x|v �= �y|v. The second ordering is the
allperm ordering. We write x ≤ap y if x ≤lex y′ for every permutation y′ of y.
It should be noted that this is an abuse of notation as ≤ap is not reflexive (but
it is anti-symmetric and transitive).

Using these orderings on vectors, we define some predicates on matrices.
Let M be a matrix of values. We write lex2(M) to mean that the rows of M
are lexicographically non-decreasing from top to bottom and the columns are
lexicographically non-decreasing from left to right. We write ams(M) to mean
that the first row of M is less than or equal to all other rows in the anti-multiset
order and, similarly, we write allperm(M) to mean that the first row of M is
less than or equal to all other rows in the allperm order.

We also use the symbols ≤lex, ≤m, ≤ap , lex2, ams and allperm to denote
constraints that are imposed on vectors or matrices of variables.

3 Basic Properties

In Section 1 we saw an example demonstrating that allperm and lex2 break more
symmetries than lex2 alone. This section shows that imposing both allperm and
lex2 on a matrix with row and column symmetry is consistent and is incomplete.
We show consistency by examining a complete and consistent set of symmetry-
breaking constraints known as the row-wise lex-leader constraints, and incom-
pleteness by example.

One way to break all the index symmetries in a matrix is to impose the
row-wise lex-leader constraints, which are a specific case of the more general lex-
leader constraints introduced by Crawford et al. [4]. The row-wise lex-leader
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constraints are derived by considering a matrix of distinct variables and all
matrices symmetric to it. Each matrix is converted to a string of variables by
scanning the matrix row-wise, left-to-right, top-to-bottom. For example, the 3×2
matrix of variables (

A B C
D E F

)

yields the string ABCDEF . From these strings we produce a set of constraints
asserting that the string from the original matrix—called the lex-leader—is lex-
icographically less than or equal to each of the other strings. Thus, continuing
our example, there are 11 other matrices that can be produced by permuting the
rows and columns of the above matrix. Each of these yields a string of variables
that is constrained to be lexicographically less than or equal to ABCDEF ; thus
11 constraints, called the row-wise lex-leader constraints, are generated:

(1) ABCDEF ≤lex ACBDFE (2) ABCDEF ≤lex BACEDF
(3) ABCDEF ≤lex BCAEFD (4) ABCDEF ≤lex CBAFED
(5) ABCDEF ≤lex CABFDE (6) ABCDEF ≤lex DEFABC
(7) ABCDEF ≤lex DFEACB (8) ABCDEF ≤lex EDFBAC
(9) ABCDEF ≤lex EFDBCA (10) ABCDEF ≤lex FEDCBA
(11) ABCDEF ≤lex FDECAB

Since the row-wise lex-leader constraints are generated by the method pro-
posed by Crawford et al. [4], we know that they are consistent and complete.
However, this does not generally provide an effective way to break row and
column symmetries since for an n×m matrix it yields n! · m! − 1 constraints.

It has been shown that the lex2 constraint is logically implied by the row-wise
lex-leader constraints, from which it follows that lex2 is a consistent symmetry-
breaking constraint [14]. We now show a new result—that allperm is logically
implied by the row-wise lex-leader constraints—from which it follows that the
combination of lex2 and allperm is consistent.

We first show by example that the row-wise lex-leader constraints logically
imply that the first row is lexicographically less than or equal to a permutation
of another row. In particular, using the example matrix above, we show that
the row-wise lex-leader constraints imply ABC ≤lex FED. First observe that
there is a matrix that is symmetric to the above and whose first row is FED
(obtained by swapping the two rows and swapping the first and third columns):(

F E D
C B A

)

This matrix yields the string FEDCBA. Hence, ABCDEF ≤lex FEDCBA is
one of the row-wise lex-leader constraints, namely constraint (10) above. And
this constraint logically implies ABC ≤lex FED.

One can easily generalise this example to a proof that the row-wise lex-
leader constraints logically imply every constraint of the form that the first row
is lexicographically less than or equal to every permutation of every other row.
Hence, we have the following theorem:

Theorem 1. The row-wise lex-leader constraints for a matrix M of variables
logically imply both lex2(M) and allperm(M). Hence the conjunction of lex2(M)
and allperm(M) is a consistent symmetry-breaking constraint.
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The conjunction of lex2 and allperm is a consistent symmetry-breaking con-
straint, but it is not complete. To see this observe that the following two matrices
can be obtained from each other by permuting rows and columns, yet both satisfy
the lex2 and allperm constraints.

(
1 2 3
3 1 2

) (
1 2 3
2 3 1

)

4 An Alternative Characterisation

This section gives an alternative characterisation of the constraint lex2(M) ∧
allperm(M).

We start by relating the lexicographic and allperm orderings to the anti-
multiset ordering. Let x↑ denote the vector of values that results from sorting
the elements of x from smallest to largest. Notice that x ≤ap y implies x↑≤ap y,
which implies x ≤m y. This chain of implications does not hold in the opposite
direction, unless x = x↑.

We now extend these two observations to matrices. From the first observation
it follows that that allperm(M) implies ams(M). From the second observation
it follows that if the first row of M is non-decreasing, then ams(M) implies
allperm(M). Now notice that if the columns of matrix M are lexicographically
ordered, then the first row of M is nondecreasing. From this our alternative
characterisation follows.

Theorem 2 (Characterisation Theorem). Let M be a matrix of values.
Then (1) allperm(M) implies ams(M), (2) lex2(M)∧ams(M) implies lex2(M)
∧ allperm(M) and, thus, (3) lex2(M) ∧ allperm(M) if and only if lex2(M) ∧
ams(M).

5 Decomposing the Constraints

There is no known algorithm for maintaining GAC on the conjunction of lex2

and allperm (or, equivalently, the conjunction of lex2 and ams). Furthermore,
the complexity of this conjunction suggests that the development of such an
algorithm is probably beyond the reach of current capability. Therefore, the
best approach is to decompose the constraint into constituents, for each of which
a GAC algorithm is known or could be developed. This section examines and
compares some decompositions. But first we present a general theorem about
decomposition that is particularly useful for our purposes.

5.1 The Decomposition Theorem

The Decomposition Theorem identifies a simple condition under which a con-
junction is GAC if each of its conjuncts is GAC.

Let C be a constraint and x be a variable in vars(C). We say that C is up-
wardly monotonic in x if given any assignment that satisfies C, then replacing the
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value assigned to x with any larger value also satisfies C. We define downwardly
monotonic in a similar fashion. A set S of constraints agree monotonically if for
any two constraints C1, C2 ∈ S and every variable x in vars(C1) ∩ vars(C2) ei-
ther C1 and C2 are upwardly monotonic in x or both are downwardly monotonic
in x.

Theorem 3 (Decomposition Theorem). Given a finite set, S, of constraints
that agree monotonically, GAC(S) if and only if GAC(C) for every C ∈ S.

Proof. Clearly the “only-if” part holds, so we turn our attention to the “if” part.
Consider an arbitrary value v in domain of a variable x. We know that we

can find support for v assigned to x in all constraints it appears in as GAC(C)
holds for all C ∈ S. For any constraint which does not refer to x we can choose
any variable in the constraint and any value in that variables domain and find
support for it.

Without loss of generality we will assume all the monotonic variables are
upwardly monotonic. Given a valid assignment for a constraint C which contains
the upwardly monotonic variable v then we can increase the value of v and
still have a valid assignment for C. Therefore we can take all of the upwardly
monotonic variables (except x) in the assignments of all the constraints and
increase the values they take to the maximum value in their domain. Now the
assignments we have for all the constraints agree on all the variables that appear
in more than one constraint. Therefore we have shown GAC(C) for all C ∈ S
implies GAC(S) 	


5.2 First Decomposition

The first, and most obvious, decomposition is to break the conjunctions and
maintain GAC on the conjuncts. Doing so reduces pruning: GAC(lex2(M) ∧
allperm(M)) is not implied by GAC(lex2(M)) ∧ GAC(allperm(M)). This is
demonstrated by considering the 4×2 matrix M of distinct variables where the
domains of the eight variables are:

{1, 2} {1, 2} {4} {4}
{3} {3} {2} {2}

Observe that GAC(lex2(M)) ∧ GAC(allperm(M)) but not GAC(lex2(M) ∧
allperm(M)), as no solution assigns 2 to the first variable of the first row. This
same example demonstrates that decomposing GAC(lex2(M)∧ams(M)) reduces
pruning: we have GAC(lex2(M)) and GAC(ams(M)) but not GAC(lex2(M) ∧
ams(M)).

Since both decompositions reduce pruning, we would like to know which
suffers the greater reduction. From part (1) of the Characterisation Theorem it
follows that GAC(allperm(M)) implies GAC(ams(M)). So GAC(lex2(M)) ∧
GAC(allperm(M)) is at least as strong as GAC(lex2(M)) ∧ GAC(ams(M)).
We now give an example to show that it is strictly stronger. Consider M ′, a 4×2
matrix of distinct variables where the domains of the eight variables are:
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{1} {2} {3, 4} {3, 4}
{2} {1} {3} {4}

Both lex2(M ′) and ams(M ′) are GAC. However allperm(M ′) is not; no solution
assigns 4 to the third variable of the first row.

5.3 Further Decomposition

We now turn our attention to the allperm(M) and ams(M) constraints and
show that each can be decomposed without any loss of pruning.

For two vectors of variables x and y that share no variables, the constraints
x ≤lex y, x ≤ap y and x ≤m y are each downwardly monotonic in the variables
of x and upwardly monotonic in the variables of y.

Let X be a matrix of distinct variables whose rows are x1, . . . ,xn. Then
we have GAC(allperm(X)) if and only if (by the definition of allperm)
GAC(

∧
2≤j≤n x1 ≤ap xj) if and only if (by the Decomposition Theorem)∧

2≤j≤n GAC(x1 ≤ap xj). Similarly, GAC(ams(X)) if and only if (by the def-
inition of ams) GAC(

∧
2≤j≤n x1 ≤m xj) if and only if (by the Decomposition

Theorem)
∧

2≤j≤n GAC(x1 ≤m xj).
Thus, without losing any pruning, an algorithm for maintaining GAC on ams

can be implemented by n − 1 instances of an algorithm that maintains GAC on
≤m. We have obtained an efficient algorithm for maintaining GAC on ≤m by
implementing a slight modification to an existing algorithm for maintaining GAC
on ≤m [8]. The run time of the algorithm is O(m + d) where m is the length
of the vectors and d is the domain size of the variables in the vector. Similarly,
without losing any pruning, an algorithm for maintaining GAC on allperm can
be implemented by n−1 instances of an algorithm that maintains GAC on ≤ap .
There is no existing algorithm for maintaining GAC on ≤ap , except the factorial
decomposition described in Section 1, so we turn our attention to that task.

6 A GAC Algorithm for Allperm

We now prove correct a method of constructing an algorithm that enforces GAC
on allperm. We refer throughout to vectors x and y of distinct variables (with
no variables in common). max(xi) and max(x) denote the largest element in the
domain of xi and the vector of values obtained by replacing each variable in x
with the maximum value in its domain. Similarly for min(xi) and min(x). A
element xi of x is bound if there is only one value in its domain. A permutation
of the variables of y is usually denoted by p. We refer to the elements of p either
by their position in p, or by their position in y. y↑ is y sorted using the upper
bound of each element. We define y −yi to be the vector y, with the ith element
removed. If y is a vector of variables and v is a variable, then v · y denotes the
vector that is obtained by placing v at the head of y.

Lemma 1. GAC(x ≤ap y) implies that for all yi ∈ y, GAC(x1 ≤ yi)

Proof. Since the first constraint implies the second, GAC of the first constraint
implies GAC of the second. 	
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Theorem 4. If x1 is bound to v, some yi ∈ y is also bound to v, and for all
yj ∈ y, min(yj) ≥ v, then GAC(x ≤ap y) if and only if GAC(x−x1 ≤ap y−yi).

Proof. Since for all yj , min(yj) ≥ yi then yi can be taken as the most significant
value of the minimum permutation of any assignment to y. Consider some as-
signment to x and y. Now, x ≤ap y if and only if x ≤lex y↑. Since x1 = yi, this
lexicographic order is unaffected by the presence or otherwise of x1 and yi 	


We can now perform the first stage of a GAC-enforcing algorithm. First
prune x1 and the yi by Lemma 1. If the preconditions of Theorem 4 are satisfied,
remove one element from each of x and y as shown in the theorem and repeat
the process. When GAC(x1 ≤ yi) for all i and either x1 is not a singleton or there
is no singleton in y equal to x1, x and y are defined to be “Stage 1 complete”.

Theorem 5. Given “Stage 1 complete” vectors of variables x and y, for each
permutation p of y, x1 := max(x1) and p1 := min(p1) are the only possible
values which can lack support with respect to x ≤lex p.

Proof. From Theorem 4, x1 and p1 are not bound and equal and satisfy
GAC(x1 ≤ p1) and hence x1 and p1 can be assigned such that x1 < p1. 	

Lemma 2. If x ≤ap y is Stage 1 Complete and any element is pruned that
lacks support, Stage 1 Completeness is maintained.

Proof. Enforcing Stage 1 completeness consists of enforcing for all yi ∈ y,
GAC(x1 ≤ yi) (Lemma 1) and discarding equal bound pairs (Theorem 4). From
Theorem 5 only max(x1) and min(yi) are candidates for pruning. Pruning in ei-
ther case cannot produce equal bound pairs nor violate the bounds consistency
condition unless an empty domain is produced - in which case we fail. 	


From Theorems 3 and 5, to establish support for the domains of x1 and each
variable yi in y, it is sufficient to consider only the permutations of y of the
form 〈y1, . . .〉. We can consider all these permutations simultaneously, as given
y′ = y − yi, if x ≤lex yi · (y′↑) is satisfiable, then so are all similar expressions
containing other permutations of y′,

Given vectors x and y of variables and p = y↑ then the pair (x, y) is tail-
inconsistenti if x′ = x − x1 and p′ = p − yi then x′ ≤lex p′ is unsatisfiable.
If (x, y) is tail-inconsistenti, the inconsistency offset ηx,y,i = j is the smallest
j such that min(x′

j) > max(p′
j), otherwise ηx,y,i = ∞. If ηx,y,i < ∞ there

is no valid assignment of (x) ≤ap y with x1 = yi so we have to prune the
domains of x1 and yi to forbid such assignments. After this we will have achieved
GAC(x ≤ap y) by Theorem 5.

Theorem 6. Consider two equal length vectors of variables x and y. If ηx,y,i =
j (j �= ∞), and p = (y − yi)↑ then for all yk ∈ y (max(yk) ≥ max(pj+1) or
max(yk) > max(pj)) implies ηx,y,k ≤ j

Proof. Form (y−{yi, yk})↑. Ignoring alternative orderings of variables with equal
upper bounds, this permutation is equal to p in at least the first j positions.
Now form (y − yk)↑. For the first j positions, (y − yk)↑≤lex p, since either
max(yi) > max(pj), or yi has displaced elements whose upper bound are greater
than max(yi) which can only lexicographically reduce the first j elements. 	
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Theorem 7. Consider vectors of variables x, y and constant i s.t. for all yk ∈
y,max(yi) ≥ max(yk). If ηx,y,i = j (j �= ∞) and p = (y − yi)↑ then for all
yk ∈ y, max(yk) < max(pj) implies ηx,y,k = ∞

Proof. (sketch). Form q = (y −yk)↑. Without loss of generality assume yk is the
last element of q with upper bound = max(yk). Since max(yk) < max(pj) we
know yk lies in the first j −1 elements of q. As max(yi) >max(yk), q agrees with
p until the position ph where yk occurs, where it will be replaced by a variable
with larger upper bound. However as ηx,y,i = j, at this position max(ph) =
min(xh). As max(qh) > min(ph) a consistent instantiation exists. 	


Note that max(yi) <max(yj) implies ηx,y,i < ηx,y,j so if any k has ηx,y,k < ∞
the yk with highest upper bound will have. And once we have ζ = ηx,y,k we can
use theorems 6 and 7 tell us the if every other element is tail inconsistent or
not except possibly those with the same upper bound as pζ in the minimal
permutation which must be tested separately.

6.1 Algorithm Details

The theorems above are embodied in the GACAP algorithm below. First, some
notes on the structures used. Buckets are objects into which we can place and
remove CSP variables. Variables are allocated to buckets according to the largest
element in the domain of the variable. When asked to remove an element, a
bucket will remove only one, even if it has multiple copies. The function GSNEB
returns the smallest non-empty bucket. We iterate through a collection of buckets
in ascending order.

As described in Section 5.3, an algorithm, GACAllPerm, for maintaining
GAC on allperm on an n × m matrix can be constructed via n − 1 instances of
GACAP.

6.2 A Worked Example

Consider applying GACAP to the pair: x = 〈{2, 3}, {3, 4}, {4, 5}, {6}〉 and y =
〈{4, 5}, {1, 2, 3}, {1, 2}, {4, 5}〉 (where the domains of constituent variables are
written as sets). A bucket sort of y is performed first according to the upper
bound of each variable. This permutation, denoted p, is used hereafter for clarity.
Stage1 traverses the vectors, using the pointer α to remove from consideration
bound equal pairs. Initially, α = 1. MaxPrune, incrementally set to the maximum
of its current value and min(xα) − 1, records the maximum extent to which
domain elements can be removed from members of y. This pruning is done in
post-processing by CleanUp for efficiency reasons (see below). Line 11 sets
max(x1) to the smallest non-empty bucket, as justified by Lemma 1:

α
x = 〈{2, �3}, {3, 4}, {4, 5}, {6}〉
p = 〈{1, 2}, {1, 2, 3}, {4, 5}, {4, 5}〉

MaxPrune := 1
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1 Procedure GACAP(vector x, vector y)
2 GLOBAL: B := newBucketsort(), α := 1, MaxPrune := min(x1) − 1, n := length(x)
3 FOR (yi ∈ y) B.add(yi)
4 Stage1()
5 ηPruning()
6 CleanUp()
7 Procedure Stage1()
8 WHILE (α ≤ n)
9 MaxPrune := max(MaxPrune, min(xα) − 1)

10 IF (B.GSNEB() ≤ MaxPrune) FAIL
11 xα.setMax(B.GSNEB())
12 IF ¬(xα.isBound() AND B.GSNEB() = xα) RETURN
13 B.remove(B.GSNEB()), α + +
14 Procedure GetNextNonEqual(iterator,η)
15 WHILE (max(Iterator.current()) = min(xη))
16 IF(η = n) RETURN true
17 η + +, iterator + +
18 RETURN false
19 Procedure ηPruning()
20 η := α + 1, iterator := MakeIterator(B)
21 IF (GetNextNonEqual(iterator, η)) RETURN
22 checker := max(iterator.current())
23 IF(min(xη) ≤ checker) RETURN
24 FOR (yi ∈ y s.t. max(yi) > checker) yi.setMin(min(xα) + 1)
25 iterator + +
26 IF (GetNextNonEqual(iterator, η)) RETURN
27 IF(min(xη) ≤ max(iterator.current())) RETURN
28 FOR (yi ∈ y s.t. max(yi) = checker) xα.setMax(max(yi) − 1), yi.setMin(min(xα) + 1)
29 Procedure CleanUp()
30 FOR (yi ∈ y)
31 IF (max(yi) ≤ MaxPrune) yi := max(yi) ELSE yi.setMin(MaxPrune + 1)

x1 and p1 form a bound equal pair (ignoring elements of p1 that are removed by
CleanUp) which is discarded by incrementing α. The same process is repeated:

α
x = 〈{2, �3}, {3, �4}, {4, 5}, {6}〉
p = 〈{1, 2}, {1, 2, 3}, {4, 5}, {4, 5}〉

MaxPrune := 2

x2 and p2 form another bound equal pair. Since no pruning of x3 is possible and
x3 is not bound, x and p are Stage 1 Complete. ηPruning now prunes max(x1)
and min(pi) for i ≥ α, as necessary. The pointer η is used to traverse the tail of
x and p to test if they can be made consistent.

α η
x = 〈{2, �3}, {3, �4}, {4, 5}, {6}〉
p = 〈{1, 2}, {1, 2, 3}, {4, 5}, {4, 5}〉

MaxPrune := 3

If the tail is inconsistent (as here because max(pη−1) < min(xη)) we know
how to prune all elements except pη−1. To check this last variable we remove
pη−1 from p and continue checking for consistency. Finally CleanUp traverses
p and performs pruning with the value of MaxPrune.

α η
x = 〈{2, �3}, {3, �4}, {4, �5}, {6}〉
p = 〈{�1, 2}, {�1, �2, 3}, {�4, 5}, {�4, 5}〉

MaxPrune := 3
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6.3 Properties

Theorem 8. The GACAP algorithm on two vectors of variables x and y of
length n runs in time O(n + d) where d is the maximum size of the domain of
the variables in x and y.

Proof. (sketch). Sorting y into buckets takes O(n). We traverse x and y exam-
ining and/or pruning each element of x and y at most once and also examining
(at worst) each of the d buckets, which takes time O(n + d). During CleanUp
we may prune each element of y once, which is O(n). 	


If d 
 n then we use an O(n log n) algorithm. Instead of sorting y into buck-
ets we sort y from smallest to largest using the upper bound of each domain (in
O(n log n)). This alternative algorithm is identical to GACAP except instead
of iterating through buckets it iterates through this sorted vector.

7 Extensions

The methods used to generate allperm from the row-wise lex-leader constraints
can also be used to generate useful symmetry-breaking constraints for other
symmetry groups. In Molnar’s problem (see Section 8.1) we use the result that
when a matrix has transpose as well as row and column symmetry then as well
as the lex2 and allperm constraints we can also impose consistently ∀i : row 1
≤ap col i. In a similar example, given an n×n square matrix with rotation as
well as row and column symmetry we can impose the extra symmetry breaking
constraints row 1 ≤ap col 1 and row 1 ≤ap col n as well as the usual lex2 and
allperm.

Index symmetries in matrices of more than two dimensions can be broken by a
generalisation of lex2 and allperm, the latter of which can be implemented by us-
ing the GACAllPerm algorithm. The allperm constraint also can be extended
and adapted to the case where only some rows/columns are interchangeable.
Finally we note that the GACAllPerm algorithm can be extended straightfor-
wardly to cope with vectors of different length.

8 Experimental Results

We tested allperm on two benchmark problems in number theory and coding
theory. Lack of space prevents the consideration of more domains, but further
applications, such as Howell designs [1], difference matrices [13], and balanced
generalised weighing matrices [12] can readily be found.

We used ILOG Solver 5.3 with the GAC lexicographic algorithm in [7], an
anti-multiset algorithm adapted from the GAC multiset algorithm in [8] (see
Section 5.3), and the GACAllPerm algorithm from Section 6. lex2 is approx-
imated using lexicographic ordering constraints on adjacent rows and columns.
Recently, it has become possible to enforce GAC on a chain of lexicographic
ordering constraints [2]. Currently, the effectiveness of this new constraint is
unknown. If proven effective it could be used to improve all models tested here.
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8.1 Molnar’s Problem

Molnar [11] posed the following problem. Given k, construct two k×k matrices,
M1 and M2, of integers such that the determinant of M1 is one, the determinant
of M2 is ±1, no entry in M1 or M2 is ±1, and each entry in M2 is the square of
the corresponding entry in M1.

The solutions to this problem are significant in classifying certain types of
topological spaces. Guy [9, Section F28] discusses a variant where 0 entries are
also disallowed and both determinants must be 1. Guy’s variant is studied here
as follows. Given k and an upper bound, u, all solutions are sought (since all
solutions are interesting mathematically) where each variable in M1 is assigned
a value between 2 and u. Seeking solutions with positive entries only simplifies
what is a difficult problem.

Exchanging two rows or columns of a matrix negates the determinant. Hence,
this problem does not have row or column symmetry. However, by relaxing the
problem such that the absolute value of the determinant is 1, we can apply
row and column symmetry breaking. If a solution has a determinant of -1, we
exchange a pair of rows/columns. The problem also has transpose symmetry
which we will exploit.

We modelled this problem with matrices M1 and M2 of decision variables,
where each entry of M2 is constrained to be equal to the square of the corre-
sponding entry of M1. The determinant of each matrix is expressed as a single,
large-arity constraint and bound to a variable detVar with domain {−1, 1}. We
considered three models of symmetry breaking:

Model A lex2(M1). Since the variables in the bottom row appear most
frequently in the definition of the determinant, lex2 is applied such that this
row is least in the lexicographic ordering to agree with the variable ordering
described below, ensuring that the column lex constraints are consistent with
this choice. Given the transpose symmetry, we also constrain the bottom row to
be lexicographically less than or equal to all columns, as discussed in Section 7.

Model B lex2(M1) ∧ ams(M1). In addition, ≤m is used to break the trans-
pose symmetry.

Model C lex2(M1) ∧ GACAllPerm(M1). GACAP is used to break the
transpose symmetry.

Experiments are on order 3 and 4 matrices. The variable ordering is by row
on M1, starting at the bottom (most constrained) row. Table 1 summarises the
results, which show a clear benefit to using allperm to break more symmetry
even on the relatively small matrices experimented with here. Furthermore, the
improvement increases both with the size of the matrix and the size of the
domains. Using GACAllPerm provides a ten percent reduction in search effort
over anti-multiset on these problems. Since both are linear-time algorithms, there
is no reason not to use GACAllPerm.

8.2 Error-Correcting Codes

Given an alphabet F , a fixed-length code of a length n is a set C of strings from
Fn. Given a code C and a distance function d(x, y) where x and y are elements
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Table 1. 256Mb PentiumIII 750MHz. Times in seconds given to 3 significant figures.

Problem Model A Model B Model C
order, u Choices Time Solutions Choices Time Solutions Choices Time Solutions

3, 3 14 0 - 12 0 - 12 0 -
3, 4 138 0.13 - 114 0.13 - 109 0.13 -
3, 5 742 1.9 - 591 1.6 - 558 1.6 -
3, 6 2,872 18.9 - 2,210 13.8 - 2,067 13.3 -
3, 7 8,695 134 - 6,559 88.4 - 6,172 83.8 -
3, 8 22,948 756 - 17,016 466 - 16,068 440 -
3, 9 53,103 3, 470 5 38,979 2, 050 3 36,851 1, 921 3

3, 10 113,138 13, 600 6 82,302 7, 800 4 77,793 7, 310 4
3, 11 219,383 47, 300 7 158,762 26, 200 5 150,445 24, 800 5
4, 3 139 0.4 - 101 0.4 - 101 0.4 -
4, 4 14,783 155 - 9,267 102 - 8,885 102 -
4, 5 499,836 23, 400 19 28,3521 12, 500 13 269,373 12, 000 13

Table 2. 128Mb PIII 1Ghz. Times given in seconds to 3 significant figures.

Length Size Min. Model A Model B Model C
Dist. choices time choices time choices time

5 6 6 14,931 1.0 12,687 1.0 13,043 1.0
5 7 5 96,942 9.0 34,605 3.5 40,066 4.1
5 8 5 118,712 12.6 51,287 6.0 57,219 6.6
5 9 5 11,311,563 1, 230 3,027,982 329 3,040,390 341
6 4 8 1,225 0.1 1,080 0.1 1,081 0.1
6 5 6 1,227,456 80.8 237,005 17.7 276,525 20.2
6 6 6 1,374,943 105 286,010 26.8 338,689 30.6
6 7 6 1,626,743 143 418,624 46.5 484,923 51.8
6 8 6 2,007,190 204 687,130 88.4 763,918 94.9
6 9 6 2,754,911 320 1,322,412 189 1,409,570 196
6 10 6 3,578,967 489 2,033,355 329 2,130,763 338
6 10 6 4,718,395 738 3,058,971 531 3,166,724 561

of C we define the minimum distance of C as the minimum of the distances
between all distinct pairs of elements of C.

If F = {0, 1, 2, 3} then a commonly used distance function is the Lee distance,
which is useful in various areas of coding [10] and also indirectly in other areas,
such as packing [3]. For two elements, x, y in a code C of length n the Lee
distance is defined as d(x, y) =

∑n
i=1 min{|xi − yi|, 4 − |xi − yi|}. This is what

we shall use in our experiments.
Following standard practice we represent the code as an n×|C| matrix, where

each row contains one element of the code. The difference constraint is enforced
between pairs of rows. This matrix has row and column symmetry: swapping
rows simply changes the order in which the elements of the code are represented
in the matrix, and the Lee distance is unaffected by swapping columns.

Codes defined over the Lee distance also have value symmetry. Given a code
represented by a matrix as defined above, if we take any column and change each
value in it by the mapping (0→1, 1→2, 2→3, 3→0) then the resulting code has
the same Lee distance between each pair of rows. Some of this symmetry can
be broken by assuming any code has an element consisting of just zeroes. We
do this in the experiments below and not not include this element in the matrix
of variables we use to solve the problem. In conjunction with this basic model
three models of symmetry breaking were tried.
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Model A lex2(M) is enforced using lexicographic ordering constraints on
adjacent rows and columns.

Model B lex2(M) ∧ ams(M).
Model C lex2(M) ∧ GACAllPerm(M).
The top-most row and left-first column were constrained to be the smallest

under the lexicographic order and the ams and allperm constraints were placed
on the rows. The variables were instantiated in row-wise order starting from the
top-most row and the variable ordering used was (0, 1, 2, 3).

The experiment performed was to try to find the code with the largest min-
imum Lee distance given the length and size of the code.

Table 2 summarises the results. Like Molnar’s problem these show that ap-
plying extra symmetry breaking constraints to lex2 can result an improvement
of over a 50% reduction in both time and number of fails and the magnitude of
these improvements increases with the size of the search. There is a small but
measurable difference between models B and C.

9 Future Directions

The question now is whether further constraints can be added to break more
symmetry effectively than lex2 plus allperm. There are some obvious possibilities,
such as attempting to create an allperm2. However, we have explored and rejected
as inconsistent all of the possibilities that seemed straightforward to us. It may
be possible to look more deeply at the row-wise lex leader constraints to obtain
further symmetry breaking constraints or to consider a different lex-leader from
which a stronger set of symmetry breaking constraints might be derived.

Another item of future work is to consider the combination of other types
of symmetry with row and column symmetry, such as the transpose symmetry
seen in our model for Molnar’s problem. The interaction of allperm with differ-
ent variable/value ordering heuristics should also be explored. Our preliminary
experimentation suggests that choosing a variable/value ordering that does not
conflict with allperm is not as straightforward as for lex2 alone.

10 Conclusion

We have identified an extension to the highly successful lex2 method of breaking
row and column symmetries. In some cases, substantial reductions in search effort
are achieved. Furthermore, the efficient implementations here incur negligible
overhead. This suggests that when a problem is being modelled using lex2, where
applicable it is always worthwhile adding allperm.
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