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Abstract Variable symmetries in a constraint satisfaction problem can be broken by
adding lexicographic ordering constraints. Existing general methods of generating
such sets of ordering constraints can require a huge number of constraints. This
adds an unacceptable overhead to the solving process. Methods exist by which this
large set of ordering constraints can be reduced to a much smaller set automatically,
but their application is also prohibitively costly. In contrast, this paper takes a
bottom-up approach. It examines some commonly-occurring families of groups and
derives a minimal set of ordering constraints sufficient to break the symmetry each
group describes. These minimal sets are then used as building blocks to generate
minimal sets of ordering constraints for groups constructed via direct and imprimitive
wreath products. Experimental results confirm the value of minimal sets of ordering
constraints, which can now be generated much more cheaply than with previous
methods.
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76 A. Grayland et al.

1 Introduction

Constraint programming supports the solution of a combinatorial problem in two
stages. First, the problem is characterised or modelled as a constraint satisfaction
problem (CSP): a finite set of decision variables, each with a finite set of potential
values, and a set of constraints on the allowed assignments of values to the variables.
Second, a constraint solver is used to search for solutions: assignments to the decision
variables that satisfy all the constraints. Constraint models often contain symmetries
that partition the set of assignments into equivalence classes. Symmetries can be
exploited by restricting the search to one member (or a reduced number of members)
of each equivalence class (symmetry breaking), dramatically reducing search.

One symmetry-breaking method is to add constraints to the model. Crawford et al.
[2] describe one such approach called lex-leader: one member of each equivalence
class is designated as lexicographically least, and a set of lexicographic ordering
constraints are added to preclude all other members of that class. The disadvantage
of this method is that, for a CSP with n variables, it produces up to n! lexicographic
ordering constraints. The overhead of adding this number of constraints to the CSP
usually outweighs the benefit of breaking the symmetry.

In many cases, this large set of constraints can be reduced to a much smaller set
that still breaks all the symmetry [4, 6]. However, these general reduction methods
are themselves prohibitively costly. Puget [9] has identified a special case, where each
variable must be assigned a distinct value, in which the set of ordering constraints
collapses to just # — 1 binary inequalities. This paper follows somewhat in this vein.
It considers the mathematical group that describes the set of all variable symmetries,
the associated set of lexicographic ordering constraints necessary to break those
symmetries, and how that set can be reduced to a minimal fixpoint.

Further to this, the paper discusses ways of combining commonly occurring
groups: we concentrate on the combinations that occur most frequently in CSPs.
These combinations are much larger than the groups they are constructed from; they
therefore pose a similar problem in relation to the number of constraints required to
break the symmetries in a CSP with that symmetry group. We examine methods of
breaking these symmetries by utilising the minimal sets of constraints defined for the
constituent groups.

2 Background

A finite-domain constraint satisfaction problem comprises: a finite set of variables
X; for each variable x € X, a finite set of values (its domain); and a finite set C
of constraints on the variables. Each constraint ¢ € C is defined over a sequence,
X', of variables drawn from X’. A subset of the Cartesian product of the domains
of the members of X’ gives the set of allowed combinations of values. A complete
assignment maps every variable in a given CSP to a member of its domain.

A variable symmetry of a CSP is a bijection f: X — X of the set of variables
such that {(x;, a;) : 1 <i < n}isasolution if and only if {{ f(x;),a;) : 1 <i<n}isa
solution.

Any group can be represented by a set G of bijections from a set & to itself (or
permutations of the set X), such that G is closed under composition of functions
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and inversion. The groups we are interested in are sets of variable symmetries of the
CSP. The symmetric group, S,, is the group whose elements are the set of all possible
bijections from {1, ..., n} to itself.

Having identified a symmetry within a model, we identify a set of symmetry-
breaking constraints sufficient to break it using the lex-leader method. We first
define an ordering on the decision variables,! then add constraints that order the
assignments to these variables. To illustrate, we consider the symmetric group S3
acting on three variables, xy, x,, and x3;. Here the permutation [x;, x3, X,] means x;
maps to itself, and x, and x; map to each other:

[x1, X2, X3, [x2, X1, x3], [x1, X3, X21, [X3, X2, X1], [X2, X3, X1], [X3, X1, X2]

We choose x; to be the most significant variable in the ordering, x, the next most
significant, and x3 the least significant. The next step is to add symmetry-breaking
constraints to allow only one member of each equivalence class of assignments
induced by the symmetry:

X1X2X3 Slex X2X1X3, X1X2X3 Sjex X3X2X1, X1X2X3 Slex X3X1X2

X1X2X3 Slex X1X3X2, X1X2X3 Sex X2X3X|

Notice that there is one constraint per nontrivial permutation in S3. In general, there
are n! permutations for the group S, and so (n! — 1) n-ary constraints are produced
by the lex-leader method to break all symmetries.

Every permutation can be written as a composition of disjoint cycles. Consider the
following permutation f in list notation:

f=1x3, x1, X¢, X4, X7, X2, X3, X5].

We see that f(x)) = x3, f(x3) = X6, f(x6) = x2 and f(xp) = x; similarly, f(xs5) =
x7, f(x7) = xg and f(xg) = x5, while f(x4) = x4. In cycle notation

f = (x1x3%6X2) (x4) (X5X7X3).

We generally omit mappings of elements to themselves; this is the notation we will
use to represent permutations in the rest of this paper.

f = (x1x3x6X2) (X5X7X3)

3 Reducing the ordering constraints

Rules 1 and 2 were introduced in [4] to reduce the number and arity of lex constraints
whilst maintaining logical equivalence. Rule 3, which supercedes and is stronger than

INote that recent research suggests that the ordering chosen can affect the search tree quite
considerably [10].
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78 A. Grayland et al.

Rules 1 and 2, is defined in [6]. Let «, B, v, and § be strings of variables, and x and y
be individual variables.

1. If @ =y entails x =y then a constraint ¢ of the form ax8 <jx yy§ may be
replaced with a8 <jex ¥6.

2. If C=C U{ax <ix yy} is a set of constraints, and C' U {¢ = y} entails x < y,
then C may be replaced with C' U {& <jex ¥}

3. If C is a set of constraints of the form C' U {axB <ix yyd8}, and C' U {a = y}
entails x =y (or C'U{a =y} entails x < y where |f| =0), then C may be
replaced with C' U {af8 <iex Y3}

For example, consider the constraint x;x, <jex X2x;. From the definition of lexico-
graphic ordering, to ensure that the constraint is satisfied we need only compare
a pair of variables if each pair of more significant variables are equal. Here, if
X1 = x, then trivially the second pair must be equal. Therefore, by Rule 1 we need
only consider the first pair of variables, reducing this constraint to x; < x, without
modifying the set of solutions. In the S; example given in the previous section,
Rule 1 reduces the set of lexicographic ordering constraints to: x; < x;, x; < X3, X} <
X3, X1X2 <jex X2X3, X1X2 <|ex X3X1. Application of Rule 2 simplifies the constraints
further to: x; < x», x3 < Xx3.

Rule 3 supercedes and is stronger than Rules 1 and 2. Rule 3 extends Rules 1 and
2 by allowing both the consideration of all pairs of variables in any one lex constraint,
provided by Rule 1, and the implications derived from considering the entire set of
lex constraints, provided by Rule 2. Unfortunately the support required for removal
of the least significant pair remains essentially different from that required for the
removal of any other pair. We can remove any least significant pair in a lex constraint
by showing that the inequality that it states is entailed whenever it is considered.
However, to remove any other pair we must show that its variables are equal at
the time it is considered. For this reason we find it useful to remove the action of
Ohrman’s Rule 3 that covers the actions of Rule 2 and to restate it as Rule 3.

3" If C is a set of constraints of the form C'U {axB <jx y¥d}, and C' U {x = y}
entails x = y, then replace C with C' U {8 <jex Y3}

4 Confluence and minimality

We now show that the application of Rule 1 is confluent, i.e., there exists a unique
fixpoint in its application. We also show that in general the same is not true of
Rule 2 nor Rule 3'.

Lemma 1 Application of Rule 1 is confluent.

Proof Consider a pair of variables at an index i that can be removed by Rule 1. The
justification for this removal is a subset of the pairs of variables at the indices less
than i. Assume that Rule 1 is not confluent. Hence, for some pair at index i, there
exists an index A, where & < i, at which part of the justification for the removal of
the pair at i has been removed by a previous application of Rule 1. However, by
definition the equality of the pair at index /4 is entailed by a subset of the pairs at
indices less than 4. Hence, the ‘hole’ in the justification for i can be repaired by the
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justification for /. Of course, the pair at # may also have a hole in its justification, but
this hole can be repaired in the same way. Furthermore, there must exist a leftmost
pair of variables that can be removed by Rule 1 whose justification cannot have a
hole. This is a contradiction. O

Lemma 2 Application of Rule 2 is not confluent.
Proof Consider the following set of lexicographic ordering constraints:
X1X2X3X5 Slex X2X3X4X6
X1X2 Slex X3X4

X1X2X3X5 Slex X4X1X2X¢6

Rule 2 can now be applied in one of two ways.

1. Consider x1x3x3X5 <jex X2X3X4Xg, With x5 < x4 for removal. We can apply Rule 2
to a fixpoint, leaving:

X1 <lex X2
X1X2 <lex X3X4

X1X2X3X5 Slex X4X1X2X6

2. Consider x1x3x3Xx5 <jex X4X1X2X6, With x5 < x¢ for removal. We can apply Rule 2
to a fixpoint leaving:

X1X2X3X5 <lex X2X3X4X6
X1X2 <lex X3X4

X1X2X3 Slex X4X1X2 O

Lemma 3 Application of Rule 3' is not confluent.
Proof Consider the following set of lexicographic ordering constraints:

X1X10X3 Slex X2X11X4
X1X10X5 Zlex X2X11X6

X1X11X7 Zlex X2X10X8
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Rule 3’ can now be applied in one of two ways.

1. Consider xxj9x3 <jex X2X11X4 With x19 < x1; for removal. We can apply Rule 3
to a fixpoint leaving:

X1X3 <lex X2X4
X1X10X5 Slex X2X11X6

X1X11X7 Slex X2X10X8

2. Consider x1x19x5 <jex X2X11X¢ With x19 < x1; for removal. We can apply Rule 3’
to a fixpoint leaving:

X1X10X3 Slex X2X11X4
X1X5 <lex X2X6

X1X11X7 Slex X2X10X8 i

Definition 1 A set of lexicographic ordering constraints is said to be Rule 2, 3’
minimal if the set is unchanged under application of Rules 2 and 3'.

We believe that a Rule 2 and 3’ minimal set of lexicographic ordering constraints
will outperform an equivalent complete set of lex constraints. Achieving minimality
from a factorial number of constraints by mechanical application of Rules 2 and 3’ is
expensive. In practice, it has proved infeasible as much of the time saved by breaking
the symmetries is re-introduced in this pre-processing stage [6]. We can derive a
lower bound on the number of binary inequality constraints produced by this process.

A group of variable symmetries is transitive if any variable can be mapped to any
other.

Theorem 1 Let X = {xy, X2, ..., X} be the set of decision variables of a CSP P.
Assume that P has a transitive group of variable symmetries and that each domain has
size at least 2. Then, not considering any other constraints in P, the minimum number
of binary < constraints required to remove all but one member of each equivalence
class of assignments is n — 1.

Proof Any constraint graph with n — 2 binary constraints is disconnected. Let x;
be the most significant variable. Let x; be a decision variable that is not connected
to xy, and such that x; is most significant in its component of the constraint graph.
Let a be the minimal element of the domain of x; (and hence of all variables, by
transitivity). Let A be any full assignment which assigns x; = a and all other variables
to values other than a. Since there is a symmetry mapping x; to x; there is a symmetry
mapping A to a full assignment with x; = a. Thus there will remain more than one
solution from an equivalence class after addition of the n — 2 binary constraints,
and therefore n — 2 binary constraints will not suffice. Puget [9] has described a set
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of binary < constraints of size n — 1 that break all symmetries in some cases. The
minimum number is therefore n — 1. O

5 Reduction rules and inequality graphs

In the previous section we described Rules 1, 2 and 3’ and the concept of minimality
of a set of lexicographic ordering constraints. We begin by introducing the inequality
graph as a device to visualise the application of Rules 1, 2, and 3'. The inequality
graph was first introduced by Ohrman [6]. We describe it’s function here and give
new insights into its mechanics.

Definition 2 Given a CSP with set of variables X' and set of constraints C, the
corresponding inequality graph G is a directed graph with one node per element
of X. The edges of G are as follows: if, for some x;, x; € X, the set C contains:

1. x; < x;then G contains a directed edge from x; to x;.

2. x; = xjthen G contains a directed edge from x; to x;, and a directed edge from
Xjto x;.

3. X...<lx Xj...then G contains a directed edge from x; to x;.

Given a set of lexicographic constraints C on variables X', we consider the process
of applying Rule 3’ to remove the least significant pair of variables in some ¢ € C.
Following the rule, we begin by adding equality constraints between all more
significant pairs of variables in c. To illustrate, Fig. 1 shows the inequality graph
for a CSP where X ={A, B, C, D}, and C = {ABC <;.x BCD, ABC <|.x CDA}.
Here the pair C < D from the constraint ABC <j¢x BCD is under consideration
for removal by Rule 2. The assumed equalities, A = B and B = C, are represented
by pairs of directed edges between the respective nodes and the inequality A < C
entailed by ABC <j.x CD A is represented by a directed edge from A to C.

Fig. 1 An inequality graph for
the application of Rule 2 to
remove C < D from

ABC <jex BCD in the context A B
of ABC <jex CDA

/]
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The antecedent of Rule 2 requires the identification of entailed inequality con-
straints. The process of identifying such equalities can be characterised partially in
terms of taking the transitive closure of the inequality graph.

Definition 3 Let G = (X, E) be a directed graph. The transitive closure of G is a
graph denoted G' = (X, E’) such that for all x;, x; € X there is an edge (x;, x;) in £’
if and only if there is a path from x; to x;in G [7].

Returning to our example, since there is a path from C to A via B, taking the
transitive closure of the inequality graph in Fig. 1 adds a directed edge from C to A.
Since there is now both a directed edge from A to C, and from C to A, we can deduce
A = C. This allows us to simplify the constraint ABC <j.x CDA to BC <ix DA.
Consequently, it is now clear that B < D. Hence, the inequality graph of this new,
simpler problem contains a directed edge from B to D. The transitive closure of this
graph is shown in Fig. 2. Notice that there is a directed edge from C to D, hence the
pair C and D can be removed from A BC <j,x BCD via Rule 2.

Generally, as pointed out by Ohrman [6], Rule 2 can be applied as follows.

1. Let P be the initial CSP, combined with the equality constraints assumed by
Rule 2.

2. Let G’ be the transitive closure of the inequality graph of P.

3. If G’ contains edges corresponding to equalities not represented explicitly in P,
add these equalities to P and go to 2.

4. Otherwise, the antecedent of Rule 2 is satisfied if the corresponding edge is
present in G'.

The following lemma characterises the situations in which equality between two
decision variables is entailed in the context of a CSP containing lexicographic
ordering and equality constraints.

Lemma 4 Given a CSP with set of variables X and set of constraints C, containing
equality and lexicographic ordering constraints, further equality constraints between

Fig. 2 Transitive closure of
the inequality graph for a CSP
with X = {A, B, C, D},
C={A=B A=C,

B=C, BC <ie,x DA}
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pairs of variables x,, xp € X are entailed if and only if at least one of the following
holds:

1. (transitivity): there exists some x. € X (distinct from x, and xp, ) such that x, = x.
and xp = Xx.; or

2. x4 < xp and xp < x4 or

3. there exists some x. € X (distinct from x, and xj ) such that x, < x, < x.and x. <
X, (and similarly, exchanging the roles of x,, xp).

Proof 1Itis clear that if one of the three possibilities occurs, then x, = x;, so we must
prove the converse.

Let G be the inequality graph of a CSP whose decision variables include x, and
xp. Assume that it is possible to apply that x, = x;,. We wish to show that one of the
three given cases occur.

To show that x, = x; there must be a directed edge from x, to x; and a directed
edge from x; to x, in G'. Let G’ = G — {x,, x;} and let G| be G’ plus the nodes x,
and x;,, with the same edges incident to x, or x; asin G. Then G| is a partial transitive
closure of G.

There are three possibilities: firstly that x, < x; is in G, secondly that x; < x,isin
G, and thirdly that there is no initial inequality between x, and x;,. For each we must
show that at least one of the cases listed in the theorem occurs.

Consider first the possibility that x, < x;, and so there is a directed edge from x;
to x, in Gy. If in G| there are only directed edges from x;, to G” there is no path from
X, to xp in Gy, contradicting our assumption that we can prove that x, = x;,. Similarly,
if in G, there are only directed edges from G” to x, then the same holds. There
therefore exists at least one edge directed from x, to G” and one edge directed to
xp from G”. Let (x,, x;) and (x;, xp) be directed edges in G|, with x;, x; € G". There
exists some path from x; to x; in G” to show that x, = x;. We can then, without loss
of generality, consider a directed edge from x, to x; and a directed edge from x; to
Xp, since we will ultimately be working in the transitive closure. This represents the
equality x, < x; < x},. Since x, < x;, was already present, this is an example of case 2.

The second case, where we start with x, < x,, follows by symmetry.

Consider now the third and final case where there is no directed edge in G
between x, and x;, or x;, and x,. In G, there must be paths from x, to x;, and vice
versa, since in G’ there are edges from x, to x, and vice versa. Where the two paths
are distinct the same reasoning as with the previous case gives x, < x;, for one path
and x;, < x, for the other, therefore x, = x;,. So suppose instead that the two paths
follow the same nodes in opposite directions. Let x. be on the path, then without
loss of generality, we consider directed edges from x, to x, and x, to x,, and directed
edges from x, to x; and x;, to x.. This represents the equations x, = x. and x, = x,,
therefore x, = xp. O

Having shown the ways in which equality can be deduced within lex constraints
we now make an observation about the application of Rule 3'.

Corollary 1 Given a set of lexicographic ordering constraints, a pair of variables which
are not the least significant pair in that particular constraint can be discarded using
Rule 3' if and only if they are shown to be equal by Lemma 4 or the pair was assumed
to be equal under the actions of Rule 3'.
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Additionally we note a relationship between the deductions from assumptions
over a set of variables and the possible deductions from assumptions over a proper
subset of these variables.

Corollary 2 Let x = {xy, ..., x,} be a set of variables, and let L and C be a set of
lexicographic and equality constraints on x, respectively. Let E be the set of equalities
deduced using Lemma 4 from L and C. Let C' C C, then the set of equalities deduced
using Lemma 4 from L and C' is a subset of E.

We also establish a useful pattern in the simplification of a set of lexicographic
ordering constraints.

Lemma 5 Given a set of lexicographic ordering constraints C, and some c¢ € C of the
form xy...x; <iex Y1-..Yi the pair x;, y; can be discarded from c if and only if x; <
y; is entailed by the assumptions: x; = yi, X = V3, ..., Xi—1 = Yi—1. Lhis implication
requires x;, or a variable assumed to be equal to x;, to appear on the left-hand side of
some ¢’ € C, where c # .

Proof Consider an inequality graph, G, of any problem involving the decision
variable x;. Consider also the graph G’, where G’ = G — {x;}. Adding x; to G" with
the same edges incident with x; as in G gives a partial transitive closure graph
G] of G.

Assume first of all that x; has no edges to any other node in G;. Then x; is
disconnected in G, therefore the pair under consideration cannot be removed.

Assume now that there exists directed edges only from x; to G" in Gy, so that x; is
less than or equal to some other variables. The transitive closure of G can only add
edges from x; to other nodes in G, since it is only possible to find a path away from
x;, and never to x;. If there is no path from any node in G to x;, there can be no edge
from y; to x;, and the pair x;, x; cannot be removed.

The same idea can then be extended to larger sets of nodes. If x; = x, there must
exist an edge from G” to either x; or x; in order to show that x; is less than another
node in G. O

Lemma 6 The most significant pair in any lex constraint can be removed using
Rule 3 if and only if it is a relation constraining one variable against itself.

Proof When applying Rule 3’ to the most significant pair x; < x; of any lex constraint
we make no assumptions of equality. In order to remove the most significant pair in
a constraint by Rule 3’ we must show that x; and x; are equal.

If a pair contains x; twice over this is trivially true.

Where j # i there must be some other inequalities which force equality between
these two variables. There are no equalities entailed within any lex constraints if no
assumptions are made, so no lex constraint can have x; on the right hand side of its
most significant pair if it is not also on the left hand side of the pair. Thus we cannot
prove that any variable is less than or equal to x;. O
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6 Minimal sets of lexicographic ordering constraints for some families of groups

We now consider some specific families of groups. In each case we produce a number
of lex constraints that is linear in the number of variables, and show that our new set
of constraints is logically equivalent to the full set of lex-leader constraints. Where
possible, we also show that our new set of constraints is minimal.

6.1 Symmetric groups

Recall that the symmetric group, S,, is the group whose elements are the set of all
bijections from {1, ..., n} to itself. Symmetric groups arise frequently as symmetries
of CSPs, in particular whenever a set is modelled as a list we introduce the symmetric
group on those variables.

Theorem 2 Given a CSP with n decision variables {x|, x,, ..., x,} whose symmetry
group is S,, on variables, a complete set of symmetry breaking constraints is:

Xi <xip1 forl <i<n-—1

Proof We first show that the complete set of lex-leader constraints entail our
constraints, then show that the reduced set of constraints entails the lex-leader con-
straints. Since the lex-leader constraints are complete, the reduced set of constraints
are complete.

Lex-leader constraints entail the reduced set of constraints, as the reduced set is a
subset of the lex-leader constraints.

The reduced set of constraints entails the complete set of lex-leader constraints
since the lex-leader constraints break every permutation of S,, which is every
possible permutation of n variables. The reduced set implies that x; ... x, is sorted,
which breaks every possible permutation of » variables. O

Theorem 3 The reduced set of symmetry breaking constraints for S, is minimal.

Proof Theorem 1 states that the minimum number of binary inequalities required to
break symmetry for a transitive group is n — 1, where #n is the number of variables.
There are n — 1 inequalities in the reduced set of symmetry breaking constraints for
S, therefore they cannot be reduced further by Rules 2 or 3" and are minimal. O

6.2 Cyclic groups
If all elements of a group G can be written as powers of some fixed g € G then G
is cyclic. In this subsection we produce a set of minimal lex constraints for breaking

the cyclic group. We will assume throughout that the elements of the cyclic group are
powers of the permutation (xy, x2, ..., X,).
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86 A. Grayland et al.

Theorem 4 Let P be a CSP with n decision variables, {xi, X3, ..., x,,}. If the symmetry
group of Pis a cyclic group of variable symmetries then a complete set M of symmetry
breaking constraints is:

X1 = x

X1X2 Slex X3X4
X1X2X3 Slex X4X5X6

X1X2 ... Xp/241 Slex Xnj2+42 - - - XpX1X2 N €ven
X1X2 .« - X(n—1)/2X(n+1)/2 Zlex X(n+3)/2 - - - XnX1 N odd

X1X2 ... Xp—1 Slex XnX1 .- Xp-2

Proof We show that M is equivalent to the lex-leader constraints for C,, namely
X1 oo Xp <lex Xkal -+ XnX] ... Xk (1)

forl <k <n.

We will refer to the ith constraint in M as ¢;. To see that the lex-leader constraints
entail M, note that each constraint in M is an initial subsequence of one of the
lex-leader constraints.

We now prove the converse, we wish to show that M implies (1) for 1 < k < n.
The constraint ¢ is xy . .. Xg <jex Xk41 - .. Xm, Wherem = 2kif k <n/2andm =2k —n
otherwise. So the initial subsequence of length k of (1) holds, and we may assume
without loss of generality that x| = Xgy1, X2 = Xpi2, -« -5 Xk = Xy

We need to prove that under these assumptions

Xial o+ Xn <lex X2kl -+ XnX] ... Xk. (2)

We have xy...Xxx = Xgi1 ... X%y, SO we can rewrite the left-hand side of (2) as
X1 ... XkXmy1 - .. X,. The constraint fp is Xy ... Xk <jex X2k+1...Xp, Where p = (4k —
I mod n) + 1. Thus the initial subsequence of length k of (2) holds, and we may
assume without loss of generality that k < n/2, and that x| = xgy| = Xok41, X2 =
Xk42 = X2k425 « oy Xk = X2k = X3k-

If n is divisible by k then by induction (1) holds.

Assume that » is not divisible by k, let b = |n/k| and ¢ = n mod k so that n =
bk + c. We must show that

Xbktl - - - Xn <tex X(b+1k=n+1 - - - Xk- (3)

Note that (3) has length ¢ < k,and that (b + Dk —n+1=bk+k— (bk+c)+1=
k—c+1.
Consider the constraint #;_., namely

X1 .o Xk—c Zlex Xk—c+1 - - - X2k—2¢»

and recall that by assumption x; ... X, = Xpg1 - - Xpite, WithDk +c=n.lfk—c>c
then the first ¢ pairs of variables in #,_. are precisely what we need to prove.

Therefore, we assume that kK — ¢ < ¢, and show that under the additional assump-
tion Xpxiq .. ~X(b+1)k—c = Xk—c+1 - - - X2k—2¢ that

X(b+Dk—c+1 - - - Xc Slex X2k—2c+1 « - - Xk-
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However our initial assumption that x; = x44; for 1 <i < k entails x4 1)k—nti = Xi
for 2k — 2c + 1 < i < k, hence constraint (1) is entailed for 1 < k < n. O

Before the next lemma we consider what happens to the constraint ¢, for the
cyclic group C;s when we assume equality in the first 11 pairs of variables.

112 1 X1X2X3 X4X5X6 X7X8X9 X10X11X12 Slex X13X14X15 X1X2X3 X4X5Xc X7X8X9

We assume that x; = xi3, that x, = x4 and that x5 = x;5. Then the most significant
variables appear on the right hand side of the constraint, producing equality classes
{x1, x13, X4}, {x2, X14, x5} and {x3, x;5, Xc}. Next the variables x4, x5 and x¢ appear on
the right hand side of the constraint, enlarging the equality classes to {x;, x;3, x4, X7},
{x2, X14, X5, X3}, {X3, X15, X6, X9}. The final two assumptions enlarge the first two
equality classes to {x, x3, X4, X7, X10} and {x2, X14, X5, X3, X11}.

This pattern is explored further in the following lemma.

Lemma 7 If k > n/2 then the assumption of equality in the first (k — 1) pairs of
variables in t; produces n — k distinct equality classes of size greater than 1 between
the variables involved in that constraint. If k < n/2 then (k — 1) equality classes of size
greater than 1 are produced.

Proof We first consider the case that kK < n/2. Then t is Xy ... Xk <iex Xk+1 - - - X2k-
All variables in #; are distinct, hence k — 1 equality classes of size greater than 1 are
created.

For the rest of the proof we assume that k > n/2, so t is

X1 Xk Slex Xk+1 -+ -XnX1 ... X2k—n-

The n — k most significant pairs in #;, contain distinct variables.

We assume that x| = xpy1, X2 = Xg42, - .., Xn—k = X,. After these n — k pairs of
variables there is a repeat of xjx2x3...X(,—k), this time on the right hand side. We
assume that x| x,x3 ... x,_x = X(n—k)+1X(n—k)+2 - - - X2(n—k) -

We now have n — k equality classes, each involving 3 variables, e.g. x; = x5y =
Xmn—ky+1. The pattern then continues with X(,—k)+1X(n—k)+2 - - - X2(i—k) appearing on
the right hand side, assumed to be equal to the next n — k variables. This pattern
continues until the pair of variables under consideration, namely x; < Xpx_.

As the number of variables in each equality class grows, the additions are variables
that have not appeared before. Therefore the initial n — k equality classes will never
merge.

The new variables are always assumed to be equal to a variable currently in an
equality class of size greater than 1, so there will never be more than n — k equality
classes of size greater than 1. O

Theorem 5 The reduced set of lex ordering constraints for the cyclic group is minimal.

Proof We consider Rules 2 and 3’ in turn, showing that each constraint can be
reduced no further.
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Rule 2: We start by showing that no further application of Rule 2 is possible by
examining an arbitrary constraint ;. The pair under consideration for removal from
tr by Rule 2 is: x; <jex X;, where [ = 2k if 2k <nand! =2k — nif 2k > n.

First note that if 2k <n then we have equality classes x| = Xxy1, X2 =

Xk42, -+ s Xk—1 = X2k—1. The constraints #; with i < k have most significant pairs x; <
X2, X] < X3,...X1 < xk—1. The constraints # with i > k have most significant pairs
X1 < Xgi2, X1 < Xgy3, .-, X1 < X,—1. In order to use less significant pairs of variables

in these constraints we must show equality in these initial pairs, however they all
lie in distinct equality classes. Thus we never assume x; to be less than or equal to
anything, and #; cannot be reduced further.

We now assume that 2k > n, so that the pair under consideration for removal from
tr by Rule 2 is x; < x;, where [ = 2k — n.

By Lemma 7, the first n — k decision variables are never assumed to be equal to
each other. Notice also that these n — k variables are equal to the last n — k variables
respectively, i.e., X| = Xg41, X2 = Xkt2, « « -y Xn—k = Xp.

The equality classes not containing x; contain the variables xi.», ..., x,. These
are the right hand variables of the most significant pairs of ¢; for i > k. Therefore the
Rule 2 assumptions of equality alone are not enough to deduce equality in these most
significant pairs and as such we cannot use less significant pairs to justify the removal
of x, < x;.

We now consider the lower arity constraints. We have equality in the most
significant pairs of #,_k, &u—k), - ... This is simply because the left hand element in
the pair is always x;, and Lemma 7 shows us that x; is equal to every (n — k)"
element. In these constraints, we find that the pairs of variables are matched to those
in the equality classes that we are assuming exist from #. This is because the equality
relations step along in groups of n — k.

The first distinct pair of variables in each constraint which are not assumed to be
equal is the pair with x; on its right hand side, hence the most we may deduce is
that x is greater than another variable. Since x; has not been assumed to be equal
to anything else and since nothing we have done so far has entailed its equality to
anything else, we cannot deduce that x; < x;.

Rule 3’: ' We now consider application of Rule 3’ on pairs of variables which are not
least significant in their respective constraints. First we show that, as with application
of Rule 2 on the least significant pairs, the assumptions and entailed equalities are
insufficient to show equality in the most significant pairs of constraints of a larger
arity.

The set of assumed equalities in application of Rule 3’ on a pair of variables which
are not least significant is a subset of the set of assumed equalities in the application
of Rule 2 on the same constraint. As such, by Corollary 2, the most significant pairs
in constraints ¢; for i > k are never assumed to be equal.

We now show that constraints #; for i < k do not entail equality in x; < x;. where
l<i<(k—1),and j=i+kifk<n/2or j=i—(n—k)ifk > (n/2).

Since all variables on any one side of a lex constraint are distinct, and since in the
reduced set of cyclic lex constraints any variable occurs on the left hand side of the
constraint before it occurs on the right hand side, the variable x; is never assumed to
be equal to any other variable in the application of Rule 3’. By Lemma 4, to show
X; = Xxj we require x; to appear on the left hand side of another constraint.
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a) Circular Golomb Ruler Problem: b) 0
Given a circle with circumference P \( .
n, place m ticks at integer points
around the circle such that all
inter-tick distances along the
circumference are distinct. /
(n and m are both positive 4
integers).

Fig. 3 Specification of the Circular Golomb Ruler problem. Symmetric solutions to the length 7,
3-tick Circular Golomb Ruler problem

The variable x; appears on the left hand side of constraints #;, 1, ... #—;. These
constraints have most significant pairs x; < X1, X; < Xj12, ..., X] < X,. We assume
equalities between certain pairs of the variables xi, ..., x;_; and x4, ..., x,, but no
equalities in the most significant pairs of the constraints #;, 41, .. . tx—.

Examining Lemma 4, we require one of x;.y, X;42, ..., X;x to appear on the left
hand side of another pair to be able to deduce equality. The only constraints #; for
| < k, that have these variables on the left hand side are those where we are currently
trying to deduce equality in the most significant pairs. As such we cannot consider

any pairs, other than the most significant, in any of the constraints ¢, 1, .. . tx—1.
There is no support for the removal of x; < x; by Rule 3’, so the reduced set of lex
constraints for the cyclic group is minimal. O

Figure 3a defines the Circular (or Modular) Golomb Ruler problem. Two solu-
tions to the instance of this problem where n is 7 and m is 3 are shown in Fig. 3b.
Clearly, these solutions are symmetric: one can be obtained from the other via
rotation. Part of the symmetry group in the above problem, n =7 and m = 3, is Cs.
The symmetry breaking constraints required to order the set of ticks, T = {t}, f, f3}
are ty < tp, and t1tr <jex B31;.

6.3 Alternating groups

Any permutation can be written as a product of cycles of length 2, called transpo-
sitions. There is usually more than one way of writing any given permutation as a
product of transpositions, but the parity of the number of transpositions occurring
in all such products is fixed. The alternating group A, on n points is the subgroup of
the symmetric group S, that contains all of the permutations that can be written
as a product of an even number of transpositions. It contains exactly half of the
permutations of the symmetric group, and hence could be expected to have a
similarly small set of minimal lex constraints.

Theorem 6 Let P be a CSP with n decision variables, {xi, x,, ..., X,}. If the symmetry
group of P is A, on variables then a complete set C of symmetry breaking constraints
is:

Xp—2 = Xn—1 (Cl)
Xp—2Xn—1 Zlex XnXn—2 (CZ)
XiXp—1 Slex Xit1Xn (€34), 1 <i<n—3
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Proof We first show that C is entailed by lex-leader constraints. The permutation
(n—2,n—1,n) € A, entails ¢, and the permutation (n —2,n,n—1) entails c,.
Finally, we have (x;, xi11)(x,—1, X,) € A, for 1 <i <n — 3, yielding c3 ;.

We now consider the converse and show that C entails the full set of lex-leader
constraints, of size (n!/2) — 1. Consider c¢; and the first pair of variables in c3;, we
see that the first n — 1 variables are sorted. The first pair of variables in ¢,, namely
Xp—2 < x, implies that the variables x1, x,, ..., x,_2, X, are also sorted. So the only
possibly unbroken symmetries move x,_; and x,. Since the permutation swapping
(Xn—1, x,) is odd, for there to be any remaining symmetries either x,_; = x,,_, or
Xn = Xp—2, or some of the other variables have equal values.

If x,_; = x, = x,_, then there are no further symmetries to break, since x; ... x,
is now sorted.

If exactly one of x,_; and x, is equal to x,_,, then the other one is greater. If
Xp—2 = X, < X,—) then we are violating c,. Therefore x,_» = x,,_; so the solution is
already minimal.

If x,—1, x,, # x,_» then both x,,_; and x,, are strictly greater than x,,_, so the biggest
two values occur at the end of the list of variables. This will be lex minimal under
the alternating group unless x,_; > x, and there are two equal values (say x;, X;1)
somewhere else in the full assignment. However in this instance we would violate the
constraint cs ;. O

Theorem 7 The set C is minimal.

Proof Application of Rule 2 for the removal of ¢; assumes x,_, < x, and x; < X,
for 1 <i <n—3.Hence, x; <x, <... <X, < x,. The constraint c; is not implied
and therefore cannot be removed by Rule 2.

To reduce ¢, by Rule 2 we assume that x,_, = x,,, x,—» < x,—; and x; < x;4; for 1 <
i < n — 3. From the transitive closure of these (in)equalities, x; < x, < ... < x,_, and
Xp = Xp—2 < X,—1. The inequality x,,_; < x,_; is not entailed and cannot be removed
by Rule 2.

To reduce c3,; by Rule 2 we assume that x; = x, thatx; < x;y; for1 <i<n-3
with i # j, that x,,_, < x,,_1, and that x,,_, < x,,. From the transitive closure of these
relations, x; < x; < ... <xjthatx;y; <xjo <... <x,-0 <X, and that x,_» < x,,.
The inequality x,_; < x, is not entailed and cannot be removed by Rule 2.

Consider now the action of Rule 3’ on C. Rule 3’ considers all but the least
significant pairs in any constraint for removal, and so is not applicable to ¢; and
¢;. To apply Rule 3’ to x; < x4 in ¢3; with 1 <i <n — 3, we assume x,_» < x,_j,
Xp—2 < Xy, and that x; < x; for 1 < j <n —3with j # i. By Lemma 5, we require x;
to appear on the left hand side of another constraint, which does not occur. O

6.4 Dihedral groups

The dihedral group D, is the symmetries of a regular n-sided shape, for example Dy
is the symmetry group of the square. Let

a=(,2,...,n)
and

b=>0,n2,n—-1)...(In/2], [(n+3)/2]).
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All elements of D, have a unique decomposition as a product of the form a’b/ for
0<i<n-—1andO0 < j < 1. The set of elements for which j = 0is the cyclic group of
order n, whereas the elements a‘b all have order 2.

We define a set of 2n — 5 symmetry breaking constraints as follows. First, the
constraints ¢; from the cyclic group for2 <i<n —3:

X1X2 Slex X3X4
X1X2X3 Slex X4X5X6

X1X2 ... Xn/241 Slex Xnj2+2 - - - XpX1X2 N €VEN
X1X2 o X(n—1)2X(n+1)/2 Slex X(n43)/2 - - - XpX1 1 odd

X1X2 ... Xp—3 Slex Xn—2X1...Xn—6

Then a further n — 1 constraints y; and §;. If n = 2k + 1 is odd we define s = 2,
t=1and u = 0, otherwise n = 2k is even, and we let s =1, t =0 and u = 1. Then
define

Vit X1 XiX2ip1 - Xhqi Slex X2i - - Xig1Xn - - - Xkpits l<i<k-u
(S]' DXL XX e Xkt jbt Slex X241 - - - Xjp2Xp oo Xt 42 0< ] = k—1.

Note that the substrings of variables on the left hand side of y; and §; occur in
increasing order, whilst those on the right hand side occur in decreasing order: if
the subscripts at each end of the substring are decreasing on the left hand side, or
increasing on the right hand side, then the substring is empty.

Theorem 8 Let P be a CSP with n decision variables, {x,, x,, ..., x,}. If the symmetry
group of P is the dihedral group D,, on variables then the set {t;, y;, & :2 <i<n—3,
1<j<k-—u, 0<l<k—1}of symmetry-breaking constraints is complete.

Proof The constraints can be divided into two sets. Those derived from the cyclic
group symmetry over the same decision variables, namely the #s, and those derived
from the remainder of the dihedral group permutations, namely the y;s and §;s.

The constraints t; for 2 <i <n—3. We have three fewer constraints than for C,.
These three constraints break the symmetry represented by the permutations a, a2
and "', and would correspond to constraints ¢, t,_, and #,_;. We show that these
missing constraints are entailed by the remaining constraints.

The constraint corresponding to the permutation a is x; < x,, which is entailed
by »1.

The constraint corresponding to the permutation a*~! is

X1 Xp—1 <lex XnX1...Xp_2.

We show that #,_; is entailed by the other constraints. Consider the first pair of
variables, x; < x,. Constraint §, has most significant pair x, < x,, and ¢, requires
x; < x, which together entail x; < x,,.

Assuming equality in the first z pairs of variables of ¢,_; forces

X=X, =X»=...=Xx; Where2<z<n-2.
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The next pair under consideration is x,;; < x;.
First assume that z = 2i < n — 2 is even, then constraint y; is

X1 oo XiX2jt] - o« Xkti Slex X2iX2i—1 - - - Xit1Xn - - - Xktits»

where s = 2 or 1 according as # is odd or even. The first i pairs of variables in this
constraint have been assumed to be equal, so we deduce that xp;1; = x4 < x, = x,
as required.

Next assume that z = 2i + 1 < n — 2 is odd, then constraint §; is

X1 oo XiX2jg2 o o« Xkepitr Slex X2i41X2i - - - Xit2Xp « « « Xjtit2,

where ¢is 0 or 1 according as n is even or odd. Since the first z pairs of variables in this
constraint have been assumed to be equal, we deduce that x,;; = x2;10 < x, = X, as
required. Hence, ¢,_;.

Finally we consider the constraint corresponding to a"~>

,namely #,_, which is
X1X2 ... Xp—2 Slex Xn—1XnX1 .- Xn—4.

The inequality x; < x,_; is the most significant pair in §;_; (even values of n) or
vk (odd values of n). Also, x, < x,, is the most significant pair in ;. If we assume that
X1 = x,—; and x, = x,,, then §, gives x3 < x,_; = x|, as required.

Let us now consider the general case x,;| <x,_; for 3 <z <n-—2, so that
we assume that x; = x, = x3 =xs =--- and x, = x,,_; = x4 = - - -, with the highest
subscript (other than n or n — 1) in an equality class of size greater than 1 being x,.
If z =2i+ 1 is odd then the constraint §; has the first n pairs of variables equal, so
we deduce that x5, = x4 < x, = x;_1. If z = 2iis even then the constraint §;_; has
first i — 1 pairs of variables equal. We then find x,; = x, = x,,, so continuing to the
next variable we deduce x;; 11 = X;4+1 < X,—1 = X;_1, as required.

Since the missing constraints from the cyclic set, which themselves are known to
be complete from Theorem 5, are entailed by the additional constraints to break the
dihedral symmetry, the reduced set of cyclic constraints are complete with respect to
the cyclic symmetry in the dihedral group.

The remaining constraints Next we show that the reduced set of lex-constraints
entail all constraints corresponding to the remaining elements of the dihedral group,
namely those of the form a’b. Recall that the elements of the form a’b have order 2,
and so are a product of disjoint 2-cycles. The second variable of each 2-cycle will be
deleted from each constraint by Rule 1. Also, when 7 is even, half of the permutations
a'b fix two variables, which will also be deleted by Rule 1: these correspond to §; for
0<i<k-1.

The full set of lex constraints has n symmetry breaking constraints for the remain-
ing dihedral permutations, but that the reduced set only has n — 1. The constraint
which breaks the symmetry

b=>0,n2,n—-1)...(In/2], [(n+2)/2])

has been completely removed. We now show that this constraint is entailed by the
reduced set of constraints. The unreduced form of this missing constraint c is

X1 oo Xy Slex Xn - - - X1.
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We consider ¢, : xy ... X, <jex XpX| . ..X,—2, Which has most significant pair x; < x,.
These are the first pair of variables in c.
Consider now an arbitrary pair x, < x,_,+; for 2 < z < n/2. When considering

this pair for removal we assume that x; = x,,, X, = X, ..., X;—1 = Z,—;. Therefore
from ¢, and #; we deduce x, = x; = x,, = x,,_». We then deduce from #, and ¢; that
x; = x; fori e {1, ..., n}. Hence the rest of c is entailed and can be removed.

We have shown that the reduced set of lex ordering constraints for the dihedral
group entails the complete set. Since the converse is clear we conclude that the
reduced set of dihedral lex constraints is sound and complete. O

Theorem 9 The reduced set of dihedral group symmetry breaking constraints is
minimal.

Proof By inspection the most significant pair of every constraint in the reduced set
contains two distinct variables, as such, From Lemma 6, we will only consider the
applications of Rule 3’ where assumptions of equality are made.

The constraints can be divided into two sets. Those derived from the cyclic group
symmetry over the same decision variables, namely the #;s, and those derived from
the remainder of the dihedral group permutations, namely the y;s and §;s.

The constraints t; for 2 <i <n—3. We know from Theorem 5 that the constraints
t;, for 2 < i < n — 3, themselves cannot be reduced using only themselves as support.
We therefore look to using the set of constraints generated by y; and §;, for 1 <i <
k—uand0<j<k-1.

First recall from Lemma 7 that the number of equivalence classes produced from
assumptions of equality in the constraint ¢;, for2 <i <n —3,isn — k (or k, k < n/2).

Consider the pair, x;, < x,, for removal by Rule 2 or Rule 3’ to be in the constraint
tx, 2 < k <n/2. Suppose that these assumed equalities allow us to deduce equality
in the most significant pair, x; < x,,, in some y; or §;, for2 <i<k—-wuand2 < j<
k — 1. The next most significant pair, x, < x,,_, is then deduced from this constraint.
Since x| = Xy, X—1 = X, from Lemma 7. The equivalence classes are of size two,
therefore x; is not assumed equal to x,,_1, as such we cannot consider less significant
pairs in that constraint.

We now show that x; < x,,_; itself cannot provide support for the removal of any
pair in #;, for 2 < i < n — 3. Notice that x; is never assumed to be equal to any other
variable under the actions of Rules 2 and 3’, as such for x; < x,,_; to provide support
for the removal of x;, < x., we require b = 2.

First consider the case where x;, < x. is the least significant pair, and as such we
reduce using Rule 2. Observe that the only constraint where x, occurs on the left
hand side of any least significant pair is in the constraint x;x, < x3x4. Assuming x; =
x3 allows us to inspect the next most significant pair in only one constraint. This is
the constraint beginning x;x4 <jex X3x,. Obviously this provides no support for the
removal of x, < x4.

Next we consider the case where x, < x. is not the least significant pair, and as
such we reduce using Rule 3’. Since x; is not assumed to equal anything else can
only consider pairs with x, on the left hand side. If the pair under consideration is
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X2 < X1, then x; = x,,,, and x, < x,,_; is entailed by some constraint y; or §;, for
2 <i < k —u. Since x,,_; is not assumed equal to anything else, x, < x,,_; cannot
provide support for the removal of x, < x,,41.

Now consider the constraint #, n/2 < k < n and the pair, x; < x., for removal by
Rule 2 or Rule 3'. Suppose that these assumed equalities allow us to deduce equality
in the most significant pair, x; < x,,, in some y; or §;, for2 <i<k—-wuand2 <<
k — 1. The next most significant pair, x, < x,,_;, is then entailed by this constraint.
We first show that x; is not entailed equal to x,,_;. Since x| = X, X;,—1 = X, from
Lemma 7. The minimum value of n — k is 3, therefore x; is not entailed equal to x,,_;,
as such we cannot consider other less significant pairs in that constraint.

We now show that x, < x,,_; itself cannot provide support for the removal of any
pairin 4, for 2 <i < n — 3. Observe that x,, is never assumed to be equal to any other
variable under the actions of Rules 2 and 3’, as such for x, < x,,_; to provide support
for the removal of x;, < x., we require b = 2.

Notice that in this subset of the constraints x;, < x. is never the least significant
pair, and as such we reduce using Rule 3. Since x, is not assumed to equal
anything else we can only consider pairs with x, on the left hand side. If the pair
under consideration is x, < x,,,4+1, then x; = x,,, and x, < x,,_; is entailed by some
constraint y; or §;, for 2 <i < k — u. Since x,_; is not assumed equal to anything
else, x, < x,,_; cannot provide support for the removal of x; < x,4;.

As special cases consider support from the constraints generated by &, §;,and y;.

8o produces the constraint with most significant pair x, < x,. We know that x, is
assumed to be equal to x,,_. Since the minimum value of n-k is 3, x, is never assumed
to be equal to x,,.

81 produces the constraint with most significant pair x; < x3. The only time x; is
assumed to equal x3 is in the case described above, in all other cases, since n — k is at
least 3, this is not the case.

yo has most significant pair x; < x,. Again, since n — k is at least 3, x; is never
assumed to be equal to x;.

The remaining constraints We now consider reducing the remaining constraints.
First notice that every variable in any one of these constraints is distinct. Considering
the pair x; < x. for removal in the constraint with most significant pair x; < x,,
allows us to assume x; = x,,. Notice also that every other constraint, with the
exception of §, which we will consider as a special case, has x; on the left hand side
of its most significant pair.

Assuming x; = x,, allows the inspection of the next most significant pair in at most
one other constraint. The next most significant pair in this constraint is x, < x,,,4.;. We
now consider two cases.

Consider the case where b # 2. Here we assume that either x, = x,,,_; or we don’t
assume anything about x,. In both examples x; is not assumed equal to x,,,+; and as
such we cannot deduce inequalities from less significant pairs in that constraint. Note
also that since all variables in the constraint under consideration are distinct that the
pair x; < x,,1; cannot provide support for the removal of x;, < x,.

Now consider the case where b = 2. The pair under consideration in this case is
X < xm—1, With the exception of y; which we consider as a special case. Here we
assume nothing about x,. Since all variables in the constraint under consideration
are distinct the pair x, < x,,,4; cannot provide support for the removal of x, < x,,,_;.
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We can only inspect the most significant pair in y; since the most significant pair
is x; < xp, and x; is never assumed to be equal to x;.

Where § is the constraint under consideration we make no assumptions about x;.
Since all other constraints have x; in their most significant pair we can consider no
less significant pairs. O

7 Combining groups

Complicated symmetry groups can often be built up out of smaller, easier-to-describe
groups. When this occurs we say that the symmetry group is the product of the
smaller groups. In this section we analyse two of the most commonly-occurring group
products that occur in constraint satisfaction problems, and find sets of constraints for
the products in terms of sets of constraints for the smaller groups.

7.1 Direct products

One of the most common situations is that the variables of a CSP can be partitioned
into two disjoint sets, where the symmetries of the CSP act independently on each
set. In this situation we have a direct product.

By Sym(£2) we denote the symmetric group on a set €2, i.e., the set of all bijections
from Q to itself.

Definition 4 Let G < Sym(€2) and H < Sym(A) be groups, with € and A disjoint
sets. The direct product of G and H, written G x H,is the set {(g,h) : g€ G, h e
H}, with coordinatewise multiplication. Elements of G x H permute the set Q U A
as follows: (g, h)(x) = g(x) if x € 2, and (g, h)(x) = h(x) if x € A.

Two important subgroups of G x H are the set {(g, ly) : g € G} and the set
{(1g,h) : h e H}, where 1 denotes the identity element of G and 1y the identity
element of H.

Consider now the problem of finding two circular Golomb rulers, as in Fig. 3. Part
of the symmetry in this problem is the direct product of the two cyclic groups of
symmetries for each ruler, as we can act on each ruler independently of the other
one: later in this section we’ll consider further symmetries.

For this small example take two sets of ticks, T = {t;, t,, 3} and T’ = {1}, 1, £},
defining two circular golomb rulers for n =7 m = 3. We can see that the lex
constraints required to break the two sets of cyclic symmetries are t; < 1, t; <1,
ity <iex 1311 and £{t) <jex #5t;. Notice that these constraints are just the union of the
constraints on 7 and those on 7. Our next theorem shows that this observation

generalises.
In the following theorem, the variables of a CSP P are partitioned into two sets
x1 = {x1,...,x,}and x» = {y1, ..., ym}. For convenience, we assume that the chosen

variable ordering for x; U x, induces the same ordering x;x; ... x, on x; as was used
to write down symmetry breaking constraints for x;. We also assume that the chosen
variable ordering induces the original ordering on x,, although the x;s and y ;s may be
interleaved. If this is not the case, then consistently replacing x; in the constraints for
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x1 by the new ith variable of x;, and similarly for y; in x,, will produce the required
constraints.

Theorem 10 Let P be a CSP whose decision variables are partitioned into two disjoint
sets x1 ={x1,...,x,} and xo ={y1,..., Ym}. Assume that all symmetries of P are
variable symmetries, and that the symmetries of P act independently on x; and x,
with groups G and H of variable symmetries respectively. Let Lg be a minimal
set of complete symmetry breaking constraints for G, and let Ly be a minimal set
of complete symmetry breaking constraints for H. Then the symmetry group of P
is G x H, and a minimal complete set of symmetry breaking constraints for P is
LsU Ly.

Proof The claim that the symmetry group of Pis G x H is immediate.

We must show three things. Firstly, we show that the lex-leader constraints
for G x H entail LU Ly, secondly that Ls U Ly entails all of the lex-leader
constraints, and finally that L5 U L is minimal.

The lex-leader constraints for G x H will include a constraint ¢, for each element
of G x H of the form (g, 1) where g € G. Since ¢, has all variables y; in the same
positions on each side, by Rule 1 ¢, can be reduced to a constraint involving only the
x;s, and hence the set of all such reduced c,s entails all constraints in L. Similarly,
the constraints for G x H will include a constraint ¢;, for each element (15, k) € G x
H, and the constraint ¢, can be reduced by Rule 1 to a constraint involving only the
y;s. Hence all constraints in Ly are entailed by the lex-leader constraints.

Now we must show the converse. Let a := (g, h) in G x H,let k = m + n and let
zZi € x1U x2 for 1 <i < k. We define an action of @ on {z; : 1 <i <k} by 2,4 = Xg(j
if z; = xj and z4i) = yn(j if z; = y;. Then any lex-leader constraint is of the form:

2122 - - - Zk Zlex Za(1)Za(2) - - - Za(k)-

Since by assumption L and Ly are complete sets of constraints for G and H, they
entail the constraints

X1 Xn Stex Xg(1y - - Xgi) (A) Y1-o. Yim Stex V(1) - - - Yhamy (B).

Suppose without loss of generality that z; = x;. Then from constraint (A) z; <jex
Za(1) SO the first pair of the lex-leader constraint is entailed by Lg U L.

Suppose now that the first i pairs of the lex-leader constraint have been assumed to
be equal, thatis z; = z,1), 22 = Za@) - - - » Zi = Za())- We show that together with L U
Ly this entails z;41 < z4+1) and hence by induction the full lex-leader constraint. We
have z;1| = x;or z;;; = yj, let us assume without loss of generality that z;,, = x; for
some j. Then we must already have assumed that x; = xg), X2 = X402, ..., Xjo1 =
Xg(j-1), SO (A) entails 7,11 = Xx; < Xg(j) = Za(i41), as required.

We finish by showing that L U Ly is minimal. This follows from the fact that
each constraint in Lg U Ly involves only variables from x; or only variables from
x2. Hence constraints from L do not entail any additional equalities in constraints
from Ly, and vice versa. Thus, since Ls and Ly were assumed to be minimal, the
same holds for L U L. O
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7.2 Wreath products

Another commonly arising way of combining two groups is the imprimitive wreath
product.

Definition 5 Let G < S,, and H < Si. The imprimitive wreath product of G and H,
denoted GWr H, is a subgroup of S,. It acts on k copies of the set of size n on which G
acts. We have GWrH = {h(g1, ..., 8k) : h € H, gi € G}, and these elements permute
theset (i, j) : 1 =i=<n,1<j<k}byh(g,....800 j) = (&), h(j)).

An example of such a group occurs in the social golfers problem. This problem
asks one to partition a set of golfers into equal sized groups in each week of a
tournament such that no golfer plays any other more than once. The symmetric
group S, interchanges each of the n golfers in each group, and the symmetric group
Sy interchanges each of the k groups in a week, so S, WrS; acts on the golfers in
each week.

The full symmetry group of the two three-tick golomb rulers problem is D3 WrS,.
This is because the set of ticks on one ruler can be interchanged with the set of ticks
on the other, and each set of ticks can be cyclically permuted or reversed. To break
these symmetries we use the constraints:

h<h (=t Hh<t Gl hhi <l

Notice that these constraints are equivalent to posting the dihedral group D3 on each
ruler separately, and then requiring the first ruler to be lexicographically less than or
equal to the second. We now show that this observation generalises.

Suppose we have a set L of symmetry breaking constraints for a group G acting
on variables xi, ..., x,, and a set Ly of symmetry breaking constraints for a group
H acting on variables yi, ..., yx. Then GWrH acts on a set of nk variables, x;;, with
l<i<mnandl < j<k. The group GWrH has size |GI¥ x |H|, so writing down one
constraint for each nontrivial group element is impractical. We now show how to
reduce this to k|Lg| + | L g| constraints, assuming that our chosen variable ordering
for the full CSP is

X1 X1 X122 Xp2 oo . Xk

We first post k| L| constraints, namely a copy of L on x;; for each j. That is, we
lex order each block of variables with respect to G. The arity of these constraints is
the same asin L.

We then restate the constraints from Ly so that instead of being statements about
Y1, ..., Yk, they are statements about the values of the second subscripts in sequences
of strings of the form x,;x,;...x,;. For example, if we previously had a constraint
y1y2 < y2y3 we would replace that with the constraint xjx;; ... X, X12X2 ... Xpp <
X12X22 . . . Xp2X13X23 - . . Xp3. This results in | L | constraints, each of arity n times their
original arity.

Definition 6 Let L be a set of symmetry breaking constraints on x, ..., x,, and let
Ly be a set of symmetry breaking constraints on yy, ..., yk.
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Then LoWrLy is defined to be a set of symmetry breaking constraints on x;; for
I <i<mnand 1 < j<k. These constraints fall into two sets, of which the first set
contains constraints of the form

xil]-x,-zj...x,-d_j§1exx,-;,-x,<r2j...xi;]- IS]Sk
for all x; x;, ... Xi, <iex X1, Xy, ... Xiy € L. The second set contains constraints
X1 X2j; «+« Xnji X1jy « -+« Xpjg <lex le'Iij'] .. .xn,»rlxl,-rz .. .Xn]';

for all y; ...y} <iex Yj .-y € Ly. If Lg and Ly are reduced from lex-leader
constraints, so that i’ = g(i) for some permutation g of {1,...,n} and j = h(j) for
some permutation 4 of {1, ..., k}, then we call constraints of the first type c,, ; and of
the second type cj,.

Theorem 11 If L and Ly are complete sets of symmetry breaking constraints for
groups G and H then LoWrLy is a complete set of symmetry breaking constraints
for GWr H in the imprimitive action.

Proof First we show that the constraints in L Wr Ly are entailed by the lex-leader
constraints. The group GWr H contains elements of the form

lu(g,1G,..., 16,8 lg, ..., 1)

for each g € G, where g can occur in each coordinate. Using these group elements,
applying Rule 1 to the resulting constraints, and then reasoning as in G, we produce
each constraint cg ;.

The group GWrH also contains elements of the form A(lg, ..., 1) for each & €
H. These elements produce all constraints of type c;,.

Next we must show that Ls;WrLy entails all of the lex-leader constraints. An
arbitrary element of GWrH is of the form a:= h(gi, ..., g), and produces the
constraint:

X11 -+ Xp1X12 -« - Xnk Slex Xg (D) - - - Xgi(mh(1)X gy (DAQ) - - - Xgr(nyh(k)»

which we will denote by c,. We must show that ¢, is entailed by LcWrL .
The constraint y; ... yk <iex Vi) - - - Yak 18 entailed by Ly, since Ly is assumed
to be complete. Hence the constraints LsWr Ly entail

X11 -« - Xn1X12 -« - Xnk Slex X1h(1) « - Xnh()X1h(Q2) - - - Xnh(k) s

denoted «y.
For 1 <i < k the constraints L entail

X1X2 - Xn Slex Xgi(DXgi(2) - - Xgi(m)

as they are a complete set of symmetry breaking constraints for G. Hence for 1 <i <
kand 1 < j <k, the set LcWrL, entails

X1jX2j - Xnj Slex Xgi(1)jXgi2)j+ - - Xgi(m) jis

denoted B, ;.
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We will use these constraints to show that ¢, is entailed by LsWr L, considering
the variables in blocks of n. Firstly, we have

X11X21 - - - Xn1 Slex X1h(1) - - - Xnh(1)

as the first n variable pairs from o;,. Considering B, 1) We also have

X1h(1) - - - Xnh(1) Slex Xg, (A1) - - - Xgy (m)h(1)-

Combining these two inequalities we deduce that the first n pairs of variables of ¢,
are entailed by LcWrLy.

Suppose that we have shown that the first n(i — 1) variable pairs of ¢, are entailed
by LsWr Ly, and that we are now considering pairs n(i — 1) + 1, ..., ni, namely

X1iX2i « « - Xni Slex Xgi()h()Xgi(h() - - - Xgi(m)h(i)-

To consider these variables we assume equality in the preceding n(i — 1) vari-
able pairs, SO X11 = Xin(1) = Xg,()a(1)> X21 = Xon(1) = Xg@h(1)s - - - » Xn(i=1) = Xnh(i=1) =
Xg,_(mh(i—1)- Considering constraint o, we now deduce that

X1iX2i - - - Xni Zlex X1h(@)X2h(i) - - - Xnh(i)»

whereas from constraint g, 5 we deduce that

X1h(i)X2h(@) - - - Xnh() Slex Xgi()h(i)Xgi(2hG) - - - Xgi(n)h(i)

and so the result follows by induction. O

It is not necessarily the case that this construction produces minimal sets of
constraints. For example, suppose that on a set {x;, x,} of variables we have posted:

X1 = X2, X2 =X

and on a set {y;, y»} of constraints we have posted y; < y,. Both of these sets of
constraints are minimal. Then for the wreath product we would post:

X11 = X21, X21 = X171, X12 = X22, X22 = Xj12, X11X21 Slex X12X22-

Consider the second pair of variables in the last constraint. To remove these, we
assume that x;; = x;,, which considering the first four constraints yields x,; = x1; =
X132 = X2, so that x;; = X, and the final pair of variables may be deleted.

Note that the wreath product construction does generally produce minimal sets
of constraints, for example when considering the wreath product of two symmetric
groups the constraints require one to lex-order each block and then lex-order the
blocks, which is clearly a minimal set of instructions.

We finish this section by noting that since both the direct product construction
and the wreath product construction produce a number of constraints that is linear
in the number of variables, whenever Ls and Ly are linear in their numbers of
variables, our constructions may be iterated and will always produce a linear number
of lexicographic constraints.
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Fig. 4 Results from the testing n=50m==6 No Lex | Full Lex | Reduced Lex

.of two circular golomb ruler Setup Time (s) 0 0.08 0.05
nstances

Memory (bytes) 728 1932 1872

Total Time (s) | 5 Hours + 20.06 17.52

Nodes | unknown 344035 344035

Solutions | unknown 3600 3600

n=60m=7 No Lex | Full Lex | Reduced Lex

Setup Time (s) 0 0.13 0.06

Memory (bytes) 976 2416 2356

Total Time (s) | 5 Hours + 560.07 450.67

Nodes | unknown | 6698526 6698526

Solutions | unknown 3578 3578

8 Experimental evaluation

Firstly we test a single instance circular golomb ruler problem. Figure 4 details results
for the n = 50, m = 6 instance and then the n = 60, m = 7 instance. This complete
symmetry group of the single instance circular golomb ruler is D,. We therefore
run one test using lex constraints for every permutation of the dihedral group, Full
Lex, one test using the general formula for the dihedral group, Reduced Lex, and a
benchmark test using no symmetry breaking constraints, No Lex. We found small but
worthwhile savings on both time taken and memory required on a problem which is
not solvable in a useful time frame without symmetry breaking constraints.

The next test uses the class scheduling problem: given d days, & hours per day and
c classes, where d x h is divisible by c, find a timetable such that:

1. Each class has (d x h)/c assigned hours in the schedule.
2. No class has more than 2 hours in any given day.

Here the full symmetry group is the wreath product of two symmetric groups,
S, WrS,. The first column shows the progress of a model with no symmetry breaking
constraints. The next column shows the same model with the symmetry group broken
by the full set of lex leader constraints; there are (h)? x (d!) such permutations.
Finally, the last column shows the same model using the reduced wreath product
symmetry breaking constraints; there are (d x (h — 1)) + (d — 1) such constraints.
Figure 5 shows the results of two test instances of the class scheduling problem.
Here the Reduced Lex constraints are more efficient in terms of memory used, time
taken and nodes searched over. We attribute the additional nodes in this case to a
feature of the solver used for testing.” It is worth noting that larger instances are
not listed because the specification for the Full Lex in those cases was too large to
compute. The specifications for both the Reduced Lex and the No Lex versions took
a negligible amount of time to create.

In summary, for small groups the use of minimal sets of lexicographic ordering
constraints over the lex leader method produces a small but significant improvement
in efficiency. As one might expect, however, when we consider more complex groups

2The GACLex algorithm creates new copies of variables such that every variable in any one
constraint is unique. This results in simple implications being missed, for example (A < A) = true.
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Fig. 5 Results from the testing d=3h=3c=3 No Lex | Full Lex | Reduced Lex

.of two class scheduling Setup Time (s) 0 0.02 0
nstances

Memory (bytes) 232 15784 328

Total Time (s) 0.046 0.2 0.031

Nodes 3304 119 45

Solutions 1512 6 6

d=4h=3c=6 No Lex | Full Lex | Reduced Lex

Setup Time (s) 0 0.235 0

Memory (bytes) 376 373624 508

Total Time (s) 74.78 377.25 0.062

Nodes | 22462011 57845 6318

Solutions | 7484400 715 715

constructed by combining these groups this gain is magnified many times and the
improvement obtained is substantial.

9 Conclusion and future work

This paper has concerned the use of sets of lexicographic ordering constraints for
breaking variable symmetries in constraint satisfaction problems. Minimal (with
respect to existing reduction rules) ordering constraints were derived for commonly-
arising groups, such as the cyclic and dihedral groups. Furthermore, it was shown
how to use these minimal sets as building blocks when considering common ways
of combining groups, such as the direct product and imprimitive wreath product.
Experimental results confirmed the value of minimal sets of ordering constraints,
which can now be generated much more cheaply than with previous methods.

In future work, we will continue our investigation of individual and combined
groups, and their corresponding sets of lexicographic ordering constraints. A partic-
ularly important example is the primitive wreath product, which corresponds to “row
and column” symmetry [3], a very common feature of many constraint models. An
important application of this work lies in automated constraint modelling: modelling
decisions often introduce symmetry. By recognising this fact, we can build up a
group-theoretic description of the symmetry in a model as the model is constructed.
Our results can then be used to generate a minimal set of symmetry-breaking con-
straints for the model automatically. Hence, interfacing with an automated modelling
system, such as CONJURE [5], is an important item of future work.
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